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Remarks on the nonexistence of biharmonic maps
Yong Luo
Abstract
In this short note we study nonexistence result of biharmonic maps from a complete
Riemannian manifold into a Riemannian manifold with nonpositive sectional curvature.
Assume that φ : (M, g) → (N, h) is a biharmonic map, where (M, g) is a complete
Riemannian manifold and (N, h) a Riemannian manifold with nonpositive sectional cur-
vature, we will prove that φ is a harmonic map if one of the following conditions holds:
(i) |dφ| is bounded in Lq(M) and
∫
M
|τ(φ)|pdvg <∞, for some 1 ≤ q ≤ ∞, 1 < p <∞;
or
(ii) V ol(M) =∞ and
∫
M
|τ(φ)|pdvg <∞, for some 1 < p <∞.
In addition if N has negative sectional curvature, we assume that rankφ(q) ≥ 2 for
some q ∈ M and
∫
M
|τ(φ)|pdvg < ∞, for some 1 < p < ∞. These results improve the
related theorems due to Baird et al.(cf. [2]), Nakauchi et al.(cf. [13]), Maeta(cf. [12]) and
Luo(cf. [11]).
1 Introduction
Let (M,g) be a Riemannian manifold and (N,h) a Riemannian manifold without boundary.
For a W 1,2(M,N) map φ, the energy density of φ is defined by
e(φ) = |∇φ|2 = Trg(φ
∗h),
where φ∗h is the pullback of the metric tensor h. The energy functional of the mapping φ is
defined as
E(φ) =
1
2
∫
M
e(φ)dvg .
The Euler-Lagrange equation of E is τ(φ) = Trg∇¯dφ = 0 and τ(φ) is called the tension field
of φ. A map is called a harmonic map if τ(φ) = 0. The theory of harmonic maps has many
important applications in various fields of differential geometry, including minimal surface
theory, complex geometry and so on(cf. [15]).
Much effort has been paid in the last several decades to generalize the notion of harmonic
maps. In 1983, Eells and Lemaire [4](see also [5]) proposed to consider the bienergy functional
E2(φ) =
1
2
∫
M
|τ(φ)|2dvg
of smooth maps between Riemannian manifolds. Stationary points of the bienergy functional
are called biharmonic maps. We see that harmonic maps are biharmonic maps and even
more, minimizers of the bienergy functional. In 1986, Jiang[9] derived the first and second
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variational formulas of the bienergy functional and studied biharmonic maps. The Euler-
Lagrange equation of E2 is
τ2(φ) := −∆
φτ(φ)−
m∑
i=1
RN (τ(φ), dφ(ei))dφ(ei) = 0,
where ∆φ :=
∑m
i=1(∇¯ei∇¯ei−∇¯∇eiei), ∇ is the Levi-Civita connection on (M,g) and ∇¯ is the
induced connection on the pull back bundle φ−1TN , and RN is the Riemannian curvature
tensor on N .
The first nonexistence result of biharmonic maps was obtained by Jiang[9]. He proved
that biharmonic maps from a compact, orientable Riemannian manifold into a Riemannian
manifold of nonpositive curvature are harmonic. Jiang’s theorem is a direct application of
the Weitzenbo¨ck formula. If φ is biharmonic, then
−
1
2
∆|τ(φ)|2 = 〈−∆φτ(φ), τ(φ)〉 − |dτ(φ)|2
= Trg〈R
N (τ(φ), dφ)dφ, τ(φ)〉 − |dτ(φ)|2
≤ 0.
The maximum principle implies that dτ(φ) = 0 and so by
div〈dφ, τ(φ)〉 = |τ(φ)|2 + 〈dφ, dτ(φ)〉,
we deduce that div〈dφ, τ(φ)〉 = |τ(φ)|2, then integration by parts, we have τ(φ) = 0.
If M is noncompact, the maximum principle is no longer applicable. In this case we can
use the integration by parts argument, by choosing proper test functions. Based on this idea,
Baird et al.(cf. [2]) proved that biharmonic maps from a complete Riemannian manifold with
nonnegative Ricci curvature into a nonpositively curved manifold with finite bienergy are har-
monic. It is natural to ask whether we can abandon the curvature restriction on the domain
manifold and weaken the integrable condition on the bienergy. In this direction, Nakauchi et
al.(cf. [13]) proved that biharmonic maps from a complete manifold to a nonpositively curved
manifold are harmonic if(p = 2)
(i)
∫
M
|dφ|2dvg <∞ and
∫
M
|τ(φ)|pdvg <∞, or
(ii) V ol(M,g) =∞ and
∫
M
|τ(φ)|pdvg <∞.
Later Maeta(cf. [12]) generalized this result by assuming that p ≥ 2. In this paper, we
will further generalize this result to the following:
Theorem 1.1. Let φ : (M,g) → (N,h) be a biharmonic map from a complete Riemannian
manifold (M,g) into a Reimannian manifold (N,h) of nonpositive sectional curvatures and
1 ≤ q ≤ ∞, 1 < p <∞.
(i) If |dφ| is bounded in Lq(M) and∫
M
|τ(φ)|pdvg <∞,
then φ is harmonic.
(ii) If V ol(M,g) =∞ and ∫
M
|τ(φ)|pdvg <∞,
then φ is harmonic.
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Remark 1.2. For a better understanding of theorem 1.1 the readers could consult the papers
[1] and [10] for examples of proper biharmonic maps(that biharmonic maps which are not
harmonic).
We must point out that part (ii) of theorem 1.1 is in fact implictly contained in the proof
of Theorem 3.1 of [2], which is obviously not realized by the authors of [13] and [12]. That is
also the motivation for us to search further in this direction.
When the target manifold has negative sectional curvatures, we have
Theorem 1.3. Let φ : (M,g) → (N,h) be a biharmonic map from a complete Riemannian
manifold (M,g) into a Reimannian manifold (N,h) of negative sectional curvatures and∫
M
|τ(φ)|pdvg < ∞ for some 1 < p < ∞. Assume that there is some point q ∈ M such
that rankφ(q) ≥ 2, then φ is a harmonic map.
This theorem was proved by Oniciuc(cf. [14]) under the assumption of |τ(φ)| is a constant.
Remark 1.4. Theorem 1.3 is a generalization of Theorem 1.3 in [11]. But the right statement
of Theorem 1.3 in [11] should be added an additional assumption of rankφ(q) ≥ 2 at some
point q ∈M .
The rest of this paper is organized as follows: In section 2 we give some preliminaries on
harmonic maps and biharmonic maps. In section 3 our theorems are proved. In section 4 we
give some applications of our results to biharmonic submersions.
2 Preliminaries
2.1 Harmonic maps and biharmonic maps
In this section we give more details on the definitions of harmonic maps and biharmonic
maps.
Let φ : (M,g)→ (N,h) be a map from an m-dimensional Riemannian manifold (M,g) to
an n-dimensional Riemannian manifold (N,h). The energy of φ is defined by
E(φ) :=
1
2
∫
M
|dφ|2dvg.
The E-L equation of E is
τ(φ) =
m∑
i=1
{∇¯eidφ(ei)− dφ(∇eiei)} = 0,
where we denote by ∇ the Levi-Civita connection on (M,g) and by ∇¯ the induced Levi-Civita
connection on φ−1TN . τ(φ) is called the tension field of φ.
A map φ : (M,g)→ (N,h) is called a harmonic map if τ(φ) = 0.
To generalize the notion of harmonic maps, in 1983 Eells and Lemaire[4](see also [5])
proposed to consider the bienergy functional
E2(φ) :=
1
2
∫
M
|τ(φ)|2dvg.
3
In 1986, Jiang[9] calculated the first and second variational formulas of the bienergy func-
tional. The E-L equation of E2 is
τ2(φ) = −∆
φτ(φ)−
m∑
i=1
RN (τ(φ), dφ(ei))dφ(ei) = 0, (2.1)
where {ei, i = 1, ...,m} is a local orthogonal frame on M and R
N is the Riemann curvature
tensor of (N,h). τ2(φ) is called the bitension field of φ.
A map φ : (M,g)→ (N,h) is called a biharmonic map if τ2(φ) = 0.
2.2 Gaffney’s theorem
In the subsequent section we will use the following Gaffney’s theorem(cf. [7]).
Theorem 2.1. Let (M,g) be a complete Riemannian manifold. If a C1 1-form ω satisfies
that
∫
M
|ω|dvg < ∞ and
∫
M
δωdvg < ∞, or equivalently, a C
1 vector field X defined by
ω(Y ) = 〈X,Y 〉, (∀Y ∈ TM) satisfies that
∫
M
|X|dvg <∞ and
∫
M
divXdvg <∞, then∫
M
δωdvg =
∫
M
divXdvg = 0.
3 Biharmonic maps into nonpositively curved manifolds
In this section we will prove theorem 1.1 and theorem 1.3. First let’s prove a lemma.
Lemma 3.1. Assume that φ : (M,g)→ (N,h) is a biharmonic map from a complete manifold
(M,g) to a nonpositively curved manifold (N,h) and
∫
M
|τ(φ)|pdvg < ∞ for some p > 1.
Then |τ(φ)| is a constant and moreover ∇¯τ(φ) = 0.
Proof. Here most part of the proof is the same with that of theorem 3.1 in [2]. For the
completeness of this paper and the convenience of the readers we give all the details here.
Let ǫ > 0 and a direct computation shows that
∆(|τ(φ)|2 + ǫ)
1
2
= (|τ(φ)|2 + ǫ)−
3
2 (
1
2
(|τ(φ)|2 + ǫ)∆|τ(φ)|2 −
1
4
|∇|τ(φ)|2|2). (3.1)
Since ∇|τ(φ)|2 = 2h(∇¯τ(φ), τ(φ)) we get
|∇|τ(φ)|2|2 ≤ 4(|τ(φ)|2 + ǫ)|∇¯τ(φ)|2.
Therefore we obtain
1
2
(|τ(φ)|2 + ǫ)∆|τ(φ)|2 −
1
4
|∇|τ(φ)|2|2
≥
1
2
(|τ(φ)|2 + ǫ)(∆|τ(φ)|2 − 2|∇¯τ(φ)|2). (3.2)
Since φ is biharmonic, from the biharmonic equation we see that
1
2
∆|τ(φ)|2 = |∇¯τ(φ)|2 − TrgR
N(τ(φ), dφ, dφ, τ(φ)) ≥ |∇¯τ(φ)|2, (3.3)
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where we used the assumption that RN ≤ 0. Combining the above two inequalities we obtain
1
2
(|τ(φ)|2 + ǫ)∆|τ(φ)|2 −
1
4
|∇|τ(φ)|2|2 ≥ 0. (3.4)
From inequalities (3.1) and (3.4) we deduce that
∆(|τ(φ)|2 + ǫ)
1
2 ≥ 0.
Now let ǫ→ 0 we have that
∆|τ(φ)| ≥ 0,
that |τ(φ)| is a positive subharmonic function on M . By Yau’s(cf. [16]) celebrated Liou-
ville theorem for nonnegative subharmonic functions on a complete manifold we see that if∫
M
|τ(φ)|pdvg <∞ for some p > 1, then |τ(φ)| is a constant on M . Moreover by (3.3) we see
that ∇¯τ(φ) = 0. This completes the proof of the lemma. ✷
Proof. of theorem 1.1. From the above lemma we see that |τ(φ)| = c is a constant. Hence if
V ol(M) = ∞, we must have c = 0, this proves (ii) of theorem 1.1. To prove (i) of theorem
1.1, we distinguish two cases. If c = 0, we are done. If not, we see that V ol(M) <∞ and we
will get a contradiction in the following. Define a l-form on M by
ω(X) := 〈dφ(X), τ(φ)〉, (X ∈ TM).
Then we have
∫
M
|ω|dvg =
∫
M
(
m∑
i=1
|ω(ei)|
2)
1
2 dvg
≤
∫
M
|τ(φ)||dφ|dvg
≤ cV ol(M)1−
1
q (
∫
M
|dφ|qdvg)
1
q
< ∞,
where if q =∞ we denote ‖dφ‖L∞(M) = (
∫
M
|dφ|qdvg)
1
q .
In addition, we consider −δω =
∑m
i=1(∇eiω)(ei):
−δω =
m∑
i=1
∇ei(ω(ei))− ω(∇eiei)
=
m∑
i=1
{〈∇¯eidφ(ei), τ(φ)〉 − 〈dφ(∇eiei), τ(φ)〉}
=
m∑
i=1
〈∇¯eidφ(ei)− dφ(∇eiei), τ(φ)〉
= |τ(φ)|2,
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where in the second equality we used ∇¯τ(φ) = 0. Now by Gaffney’s theorem we have that
0 =
∫
M
−δω =
∫
M
|τ(φ)|2dvg = c
2V ol(M),
which implies that c = 0, a contradiction. Therefore we must have c = 0, i.e. φ is a harmonic
map. This completes the proof of theorem 1.1. ✷
Proof. of theorem 1.3. By lemma 3.1, |τ(φ)| = c is a constant. We only need to prove that
c = 0. Assume that c 6= 0, we will get a contradiction. Then by the biharmonic equation and
the Weitzenbo¨ck formula we have at q ∈M :
0 = −
1
2
∆|τ(φ)|2
= −〈∆φτ(φ), τ(φ)〉 − |dτ(φ)|2
=
m∑
i=1
〈RN (τ(φ), dφ(∂xi ))dφ(∂xi), τ(φ)〉 − |dτ(φ)|
2
=
m∑
i=1
〈RN (τ(φ), dφ(∂xi ))dφ(∂xi), τ(φ)〉,
where in the first and fourth equalities we used lemma 3.1. Since the sectional curvatures of
N is negative, we must have that dφ(∂xi)//τ(φ) at q ∈ M ∀i, i.e. rankφ(q) ≤ 1. Therefore
we must c = 0, a contradiction. This completes the proof of theorem 1.3. ✷
4 Biharmonic submersions into nonpositively curved mani-
folds
In this section we give some applications of our result to biharmonic submersions.
First we recall some definitions(cf. [3]).
Assume that φ : (M,g) → (N,h) is a smooth map between Riemannian manifolds and
x ∈M . Then φ is called horizontally weakly conformal if either
(i) dφx = 0, or
(ii) dφx maps the horizontal space Hx = {Kerdφx}
⊥ conformally onto Tφ(x)N , such that
h(dφx(X), dφx(Y )) = Λg(X,Y ), (X,Y ∈ Hx).
A map φ is called horizontally weakly conformal on M if it is horizontally weakly
conformal at every point of M . If furthermore, φ has no critical points, then we call it a
horizontally conformal submersion. Note that if φ : (M,g) → (N,h) is a horizontally
weakly conformal map and dimM < dimN, then φ is a constant map.
If for every harmonic function f : V → R defined on an open subset V of N with φ−1(V )
non-empty, the composition f ◦ φ is harmonic on φ−1(V ), then φ is called a harmonic
morphism. Harmonic morphisms are characterized as follows(cf. [6, 8]).
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Theorem 4.1 ([6, 8]). A smooth map φ : (M,g)→ (N,h) between Riemannian manifolds is
a harmonic morphism if and only if φ is both harmonic and horizontally weakly conformal.
Let φ : (M,g)→ (N,h) be a submersion, then each tangent space TxM can be decomposed
as follows.
TxM = Vx ⊕Hx, (4.1)
where Vx = Ker(dφx) is the vertical space and Hx is the horizontal space. If there exists a
smooth function λ on M such that for each x ∈M ,
h(dφx(X), dφx(Y )) = λ
2(x)g(X,Y ),
then λ is called the dilation.
When φ : (Mm, g) → (Nn, h)(m > n ≥ 2) is a horizontally conformal submersion, the
tension field is given by
τ(φ) =
n− 2
2
λ2dφ(gradH(
1
λ2
))− (m− n)dφ(Hˆ), (4.2)
where gradH(
1
λ2
) is the horizontal component of grad( 1
λ2
) according to (4.1), and Hˆ is the
trace of the second fundamental form of each fiber given by
Hˆ =
1
m− n
m∑
i=1
H(∇eiei),
where {ei, i = 1, ...,m} is a local orthonormal frame field on M such that {ei, i = 1, ..., n}
belongs to Hx and {ej , j = n+ 1, ...,m} belongs to Vx at each point x ∈M .
Nakauchi et al.(cf. [13]) and Maeta(cf. [12]) applied their nonexistence result of biharmonic
maps to get conditions such that biharmonic submersions are harmonic morphisms. Here we
generalize their result by using theorem 1.1. We have
Proposition 4.2. Let φ : (Mm, g)→ (Nn, h)(m > n ≥ 2) be a biharmonic horizontally con-
formal submersion from a complete Riemannian manifold (M,g) into a Riemannian manifold
(N,h) with nonpositive sectional curvatures and p a real constant satisfying 1 < p <∞. If
∫
M
λp|
n− 2
2
λ2gradH(
1
λ2
)− (m− n)Hˆ|pgdvg <∞,
and either λ is bounded in Lq(1 ≤ q ≤ ∞) or V ol(M) =∞, then φ is a harmonic morphism.
Proof. By (4.2),
∫
M
|τ(φ)|p
h
dvg =
∫
M
λp|
n− 2
2
λ2gradH(
1
λ2
)− (m− n)Hˆ|pgdvg <∞,
and since |dφ(x)|2 = nλ2(x), we get that φ is harmonic by theorem1.1. Since φ is also a
horizontally conformal submersion, by theorem 4.1 φ is a harmonic morphism. ✷
In particular if dimN = 2, we have
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Corollary 4.3. Let φ : (Mm, g) → (Nn, h)(m > 2) be a biharmonic horizontally conformal
submersion from a complete Riemnnian manifold (M,g) into a Rieman surface (N,h) with
nonpositive Gauss curvature and p a real constant satisfying 1 < p <∞. If
∫
M
λp|Hˆ |pgdvg <∞,
and either λ is bounded in Lq(1 ≤ q ≤ ∞) or V ol(M) =∞, then φ is a harmonic morphism.
Similarly, by theorem 1.3 we have
Proposition 4.4. Let φ : (Mm, g)→ (Nn, h)(m > n ≥ 2) be a biharmonic horizontally con-
formal submersion from a complete Riemannian manifold (M,g) into a Riemannian manifold
(N,h) with negative sectional curvatures and p a real constant satisfying 1 < p <∞. If
∫
M
λp|
n− 2
2
λ2gradH(
1
λ2
)− (m− n)Hˆ|pgdvg <∞,
then φ is a harmonic morphism.
This proposition generalizes (i) of proposition 4.2 in [11].
Acknowledgement. The author is partially supported by the Postdoctoral Science
Foundation of China(No.2015M570660), and the Project-sponsored by SRF for ROCS, SEM.
References
[1] P. Baird, A. Fardoun and S. Ouakkas, Conformal and semi-conformal biharmonic maps,
Ann. Golb. Anal. Geom. 34(2008), 403–414.
[2] P. Baird, A. Fardoun and S. Ouakkas, Liouville-type theorems for biharmonic maps be-
tween Riemannian manifolds, Adv. Calc. Var. 3(2010), 49–68.
[3] P. Baird and J. C. Wood, Harmonic Morphism Between Riemannian Manifolds, Oxford
Science Publication, 2003, Oxford.
[4] J. Eells and L. Lemaire, Selected topics in harmonic maps, Amer. Math. Soc., CBMS,
50(1983).
[5] J. Eells and J. H. Sampson, Harmonic Mappings of Riemannian Manifolds, Amer. J.
Math. 86(1964), 109–160.
[6] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier
(Grenoble), 28(1978), 107-144.
[7] M. P. Gaffney, A special Stokes theorem for complete riemannian manifolds, Ann. Math.
60(1954), 140–145.
[8] T. Ishihara, A mapping of Riemannian manifolds which preserves harmonic functions, J.
Math. Kyoto Univ. 19(2)(1979), 215-229.
8
[9] G. Y. Jiang, 2-harmonic maps and their first and second variational formulas, Chinese
Ann. Math. Ser. A7(1986), 389–402.
[10] E. Loubeau, Y. L. Ou, Biharmonic maps and Morphisms from conformal mappings,
Tohoku Math. J. 62(2010), 55–73.
[11] Y. Luo, Liouville type theorems on complete manifolds and non-existence of bi-harmonic
maps, J. Geom. Anal. 25(2015), 2436–2449.
[12] S. Maeta, Biharmonic maps from a complete Riemannian manifold into a non-positively
curved manifold, Ann. Glob. Anal. Geom. 46(2014), 75–85.
[13] N. Nakauchi, H. Urakawa and S. Gudmundsson, Biharmonic maps in a Riemannian
manifold of non-positive curvature, Geom. Dedicata 164(2014), 263-272.
[14] C. Oniciuc, Biharmonic maps between Riemannian manifolds, An. Stiint. Uni. Al.I.
Cuza Iasi Mat. (N.S.) 48(2002), 237–248.
[15] R. Schoen, S. T. Yau, Lectures on harmonic maps. Conference Proceedings and Lectures
Notes in Geometry and Topology, II. International Press, Cambridge(1997)
[16] S. T. Yau, Some function-theoretic properties of complete Riemannian manifold and
their applications to geometry, Indiana. Uni. Math. J. 25(1976), 659–670.
Yong Luo
School of mathematics and statistics,
Wuhan university, Wuhan 430072, China
and
Max-planck institut fu¨r mathematik
In den naturwissenschaft
Inselstr.22, D-04103, Leipzig, Germany
yongluo@whu.edu.cn or yongluo@mis.mpg.de
9
